Let s (d, n) be the number of triangulations with n labeled vertices of S 'l-*, the (d-l)-dimensional sphere. We extend a construction of Billera and Lee to obtain a large family of triangulated spheres. Our construction Let s(n) be the number of triangulated spheres with n labeled vertices. We prove that log s(n) = 2 0`69424 n(l+o(l)). The same asymptotic formula describes the number of triangulated manifolds with n labeled vertices.
Introduction
How many triangulations with n (labeled) vertices of S d ( The upper bound for s(d, n) follows from Stanley's upper bound theorem [41] for the numbers of faces of triangulated d-spheres with n vertices. (Compare, Klee [26] and McMullen [34] .) Our main purpose is to construct a large family of triangulated spheres which demonstrates the lower bound.
We indicate two special cases of Theorem 1. Note that the number simp(n) of simplicial complexes on n labeled vertices satisfies log simp(n)= 2 "~+°m~. More precisely, Kleitman [30] Recently, Korshunov [31] completely determined the asymptotic behavior of
simp( n ) !
The boundary complex of a simplicial d-polytope is a triangulated (d-1)-sphere. A triangulated sphere is polytopat if it is isomorphic to the boundary complex of a simplicial polytope.
Let c(d, n) be the number of polytopal (d -1)-spheres with n labeled vertices. Thus c(d, n) <-s(d, n). Denote b = n -d.
A fundamental theorem of Steinitz [44] , [21, Chapter 13] asserts that every triangulated 2-sphere is polytopal. (Steinitz's theorem in its full generality asserts that every polyhedral 2-sphere is isomorphic to the boundary complex of a 3-polytope.) Only a few decades after Steinitz's theorem was established, mathematicians have realized that nonpolytopal triangulated spheres do exist in higher dimensions. Simple examples of nonpolytopal triangulated 3-spheres with eight vertices were given by Griinbaum [20] and by Barnette [8] . The "Steinitz Problem"--the determination of polytopal spheres among all triangulated spheres--is one of the main problems in convex polytope theory. For a recent work on this subject, see Bokowski and Sturmfels [14] .
Steinitz's theorem asserts that s(3, n)= c(3, n). Works of Tutte [45] , [46] , Brown [15] , and Richmond and Wormald [39] give good asymptotic estimates for s(3, n) and exact formulas for related enumeration problems.
An important result of Mani [33] In the last 20 years extensive work has been done on the enumeration of triangulated 3-spheres and simplicial 4-polytopes with few vertices. It was proved that c(4, 8)= 37 (Grfinbaum and Sreedharan [22] , correcting Briickner [16] ), s(4, 8)= 39 [9] , c(4,9)= 1142, and s(4, 9)= 1296 [3] , [6] . For further results of this type, see [2] , [4] , and [5] .
It was conjectured by several people that for every fixed d -> 4, "most" triangu-
Goodman and Pollack [18] , [19] have recently proved that log c(d, n) ~ -d (d + 1)n log n. This remarkable result is proved using a theorem of Milnor which gives bounds on the sum of the Betti numbers of real algebraic varieties. Alon [1] extended their result to arbitrary polytopes. triangulated spheres with 1 000 000 vertices is between 2 and 2 , but less than 22~2 out of them are polytopal.
Our construction is a modification of a construction of Billera and Lee [10] , [11] . McMullen's conditions are conjectured to hold for arbitrary triangulated spheres. They hold almost trivially for squeezed spheres. Results by Lee [32] on the diameter of the Billera-Lee polytopes (related to the "Hirsch conjecture") also extend to arbitrary squeezed spheres.
We hope that squeezed spheres will play a role among triangulated spheres similar to that which shifted complexes play among simplicial complexes. (See [24] and [13] .) In particular, a squeezing operation for spheres is now desirable.
Problems which remains open are to construct many triangulations (say, 2 cn2) for the three-dimensional sphere, and to give an explicit example of a nonpolytopal (say, four-dimensional) squeezed sphere.
Preliminaries

Orderings
For an integer n, [n] denotes the set {1, 2 .... , n}. ~ will denote the set of positive 
Simplicial Complexes
We follow the definitions and notation of Billera and Lee [11] . We repeat here some basic definitions.
Let C be a simplicial complex, and let v be a vertex not in C. The cone over C with apex v is defined by cone(C, v)= Cw{Su{v}: S~ C}. 
Shelling
A pure (d -1)-dimensional simplicial complex C is shellable if its maximal faces can be ordered Fi, F2, • •., F,, so that for every i and k, t -< i < k -< t, there exists j, 1 -<j <-k, such that F, n Irk c ~ n Fk and Fj is adjacent to Fk. Such an ordering is called a shelling order of C. 
Vertex Decomposability and the Hirsch Condition
Squeezed Balls and Spheres
. , F, of l which extends the partial order <p, is a shelling order for B(I).
Proof. The proof is similar to the proof of Lemma 4 in Billera and Lee [11] . We will consider the case of odd d. Proof. Let B be a squeezed d-ball and let S be a facet of aB. S is included in exactly one facet of B. Note that S is included in at most two members of Fd. Note also that if S is included in two members of Fd, say F~ and F2, then they are comparable with respect to the partial order <p. Define F(S) to be the minimal set in Fd with respect to <p which contains $. 
. Let S(I)=OB(I) be a squeezed sphere. Then if i is a vertex of S(I) andj<-i then j is a vertex of S(I).
Proof Since I contains a set which contains i, I also contains a set which contains j. Consider F e I, which is maximal (with respect to the partial order) among sets in I which contain j. It is easy to see that for some k e S, k ~j, F\{k} e S(I).
[] Remark. Let P be a ranked poset. A subset Q of P is a ranked subposet of P if Q forms a ranked poset whose rank function is the restriction from P to Q of the rank function of P. Clearly every initial set in P is a ranked subposet.
Let I be a ranked subposet of Fd and let B(I) be the simplicial complex spanned by L The proof of Theorem 3.1 can be directly extended to show that
B(I) is a shellable ball. This construction does not improve substantially the lower bounds for s(d, n).
The Number of Triangulated Balls and Spheres
In this section we will estimate the number s(d, n) of triangulated (d-1)-spheres with n vertices. We will also consider the number re(d, n) of triangulated (d-1)-manifolds with n vertices. We need the following lemma. The proof is an easy application of Stirling's estimation of n! G. Kalai 
(~(~i~n~)=c(x)n-<'/2~(b(x))~(l+o(1)).
(Here, c(x)= (1 -x)I/2(2"rrx ( 1 -2x))-1/2.)
(ii) b(x) attains its maximum at Xma~ = (1-5-1/2)/2.
The Lower Bounds
We now give the lower bounds obtained by the family of squeezed spheres. 
log s(d, n)>_log sq(d, n)>--(1/(n-d)e) (nee')-t. (4.1)
In particular: 
Remark. With some more effort it can be shown that
The Upper Bounds
Here are the upper bounds on s(d, n) and re(d, n) which follow from the upper bound for the number of facets (=maximal faces) of triangulated spheres. The upper bound theorem for triangulated spheres (proved by Stanley [41] ) asserts that a triangulated (d-1)-sphere C with n vertices has at most
The number of pure (d-1)-dimensional simplicial complexes with n labeled //n\\ vertices and u facets is clearly l~du)). This gives log s(d,n) ~- (x~,..., x,) which satisfies 1 -< xi <-n for every 1 -< i -< t and a chain of subcomplexes C~,..., C,, as follows: x~,..., Xd are the vertices of the lexicographically first facet F of t2, and C~ is the complex spanned by F. Assume that xi, i -< k, and C, j -< k -d + 1, are defined. Let R be the lexicographically minimal (d-2)-face in the boundary of Ck-d+l and let S be the facet of C, not in Ck-d+l which contains R. Define Xk+~ by {Xk+l} = S\R and define Ck-d+2 to be the complex spanned by Ck-d+l W {S}. AS easily seen, 
(n-td/2]-l)+d.
In particular; (1)). Theorem 1.1 is a combination (in a weaker but more elegant form) of (4.1) and (4.3).
Further Properties of Squeezed Balls and Spheres
5.I. Squeezed Spheres and the "Hirsch Conjecture"
Proposition 5.1 ( Compare Lee [32] ).
(i) Squeezed balls satisfy the Hirsch condition. (ii) Let d be even. For a squeezed (d -1)-sphere S, A(S) -<-fo(S) -d + 1. (iii) Let d be odd. For a squeezed (d -1)-sphere S, A(S)<-2(fo(S)-d). (iv) Squeezed 3-spheres satisfy the Hirsch condition.
Proof The proofs of Lee [32] of the special case of compressed spheres extend directly. By the Provan-Billera's theorem (Theorem 2.1(i)) in order to prove part (i) it is enough to show that squeezed balls are vertex-decomposable. Indeed, if B is a squeezed d-ball then lk (1, B) and ast (1, B) are combinatorially isomorphic to squeezed balls (of dimensions d-1 and d, respectively).
For the proof of (ii) see the argument in Lee [32] . (The argument applies to boundaries of those squeezed balls which are cones.)
To prove (iii) it is left by Theorem 2.1(ii) to show that squeezed spheres are weakly vertex-decomposable. The proof is identical to the following unpublished proof by Lee for compressed spheres, which preceded his stronger published result. Let I be an initial set of Fd and let n be the maximal vertex of L We prove by induction on n. The case n = d + 1 is easy, so assume n > d + 1. Let be an initial set in Fd consisting of those F in I that do not contain n. Compare the facets of aB(I) and 0B(I). It is easy to see from the construction that each facet of OB(I) that is not in OB(I) contains n-1, and that each facet of aB (1) that is not in aB(l) contains n. Hence the facets of ast(n -1, ast(n, aB(I))) are precisely those of ast(n -1, aB(I)), the latter being weakly vertex-decomposable by induction. So ast(n, aB(l)) is weakly vertex-decomposable with a weak shedding vertex n.
Squeezed 3-spheres are obtained from squeezed 3-balls by forming a cone over the boundary. Part (iv) is therefore a consequence of (i) and the fact that every triangulated 2.sphere satisfies the Hirsch condition.
[]
Squeezed Spheres and the "g-Conjecture"
Our next results are of a technical nature. We point out that f-vectors of squeezed spheres satisfy McMullen's conditions (which are conjectured to hold for all triangulated spheres.) For the definitions of the h-vector, an M-vector, and the assertion of the "g-conjecture" we refer the reader to Billera and Lee [11] or Stanely [43] . 
-vector of S(I)=OB(I) is determined by the h-vector of B(I) by h,(S(I)) -h~_~(S(l)) = h,(B(I)) -hd÷~_~(B(l)) = h,(B(I)). (See [11].) This proves that (1, h~(S(l))-ho(S(l)),h2(S(l))-h~(S(I)),...,he-,(S(l))-he(S(l))) is an M-vector.
The proofs are the same as the proofs for the compressed case by Billera and Lee [11] (for (i)) and by Kleinschmidt and Lee [29] (for (ii)).
Remarks. 1. Stanley [42] 
is a k-stacked polytope. Kleinschmidt and Lee [29] proved the assertion of this conjecture for the Billera-Lee polytopes. We left a large gap between the lower and upper bounds for m(d, n). I believe that in this case also the truth is closer to the upper bound. Most urgently, we would like to estimate the number of traingulated 3-spheres with n vertices and the number of triangulated 2-manifolds with n vertices. I expect that 2 C"2 is a lower bound for both these questions. [40] .
Open Problems
Properties of Squeezed Spheres
Greater Generality
In some cases, estimating s(f) is related to structural properties of triangulated spheres with f as their f-vector [25] . 6 . It is possible that the upper bounds for s(n) and s(d, n) apply to arbitrary ranked Eulerian posets (of rank d + 1 and n atoms). This requires a far-reaching extension of the upper bound theorem which is still unknown. By Klee's upper bound theorem [26] , the upper bound in (1.2) applies to arbitrary Eulerian (d-1)-dimensional simplicial complexes.
